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1 Introduction 

One aim of this paper is to give formulae for the ratios of the 8th powers of 
the 2nd order theta functions, and so the theta-nulls, associated to the Jacobian 
of a genus g curve C over C in terms of determinants of twisted pluricanonical 
differentials; see 18.3 21 below. In fact, we give formulae for the 2N 2 powers of 
the iVth order theta functions for any even integer N. More generally, we give 
formulae in terms of such determinants for ratios of algebraic versions of theta 
functions over a field k of characteristic p that is prime to N, for N even or odd. 

In order to be able to substitute effectively into these formulae, starting, say, 
from the equations of the canonical model of a non-hyperelliptic curve C, we must 
know also the iV-torsion points P on Jac° C. It turns out that we can, starting 
from the equations of C, write down the equations that define multiplication by 
iV on Jac^, and so determine the iV-torsion points. We can also derive equations 
for the group law on Jac° C in projective terms, starting from the equations of 
C, but this is more complicated. 

These formulae provide a polynomial formula for the Torelli morphism 
A4 g — ► A gi where M. g is the stack of smooth curves of genus g and A g is the 
coarse moduli space of principally polarized abelian varieties (more accurately, 
they do so at level (N, 2N) if N is even and at level N if N is odd). This is be- 
cause the iVth order theta constants give canonical homogeneous co-ordinates on 
A 9t (N,2N) or Ag t N m , we recall below how to do this in a way that includes character- 
istic 2. For hyperelliptic curves, and when N = 2, this is what Thomae's formulae 
do, although his formulae also give, in transcendental terms, the common scalar 
factor that our approach neglects. 

The idea of writing theta functions on Jac 5-1 C at points of C^ 2n ~ 1 ^ 9 ~ 1 ^ in 
terms of determinants of n-fold differentials for n > 2 is taken from Proposition 
4.1 of Matone and Volpato's paper |MaV| . That is a specialization of an addition 
theorem due to Fay (Proposition 2.16 of (Fj). This, in turn, generalizes a formula 
due to Klein ([Kj, vol. Ill, p. 429), who takes N = 2 and describes theta functions 
on Ja.c p( - 2g ~ 2 ^ C, or Jac° C, in terms of p(2g — 2) x p(2g — 2) determinants in 
H°(C, 0(pKc + L)), where L is a theta-characteristic and p a positive integer. 

Klein goes on to describe a relation between the theta-constants of a plane 
quartic and its discriminant. This part of his paper was largely an investigation 
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of the behaviour of theta functions as a genus 3 curve degenerates, but it can 
also be read as the start of an attempt to find formulae for the theta-constants of 
a genus g curve in terms of its projective invariants rather than in terms of the 
equations of its canonical model with respect to some arbitrary choice of basis in 
H°(C,Uc)- For example, one might consider configurations of higher Weierstrass 
points, which are known to determine the moduli of the curve (cf. |GIT| ) and 
then seek formulae for the theta-constants in terms of their invariants; in fact, 
such formulae would be truer analogues of Thomae's, since his involve the cross- 
ratios of the branch points determined by the hyperelliptic involution. On the 
other hand, this paper obviates the task of computing invariants of Weierstrass 
points from the equations of the curve and second, since there are only N 2g theta- 
constants to compute, it might be that they (with the Torelli theorem) are better 
adapted than is invariant theory to the task of detecting whether two curves given 
by equations are isomorphic. 

What we do here is to twist differentials in a slightly different way and to 
make things more algebraic. We do this by considering ratios of theta functions 
rather than the thetas themselves. This means that our results hold over any 
field. By comparison, the formulae of Klein et al. involve the prime form E, 
some exponential factors that Fay denotes by a and some constants that depend, 
in an undetermined way, on the choice of basis of vector spaces H°(C,C) for 
various invertible sheaves C on C . 

The prime form has a purely algebraic construction in terms of a theta 
characteristic of multiplicity exactly 1, and so makes sense in all characteristics 
except 2, where such theta characteristics do not always exist. The exponential 
factors are explicit, and have neither zeroes nor poles, but I do not know what they 
mean algebraically. Taking ratios has the advantage of removing that difficulty, 
but it also loses the prime forms. (Precisely, a is defined in terms of the prime 
form E and normalized differentials uji by a(z) = exp(— ^ J*. Ui{z)E(z, w)). Of 
course, the process of normalizing the differentials is also transcendental.) To pin 
down the constants we use Mumford's theta groups. 

There are [Si] other well known determinantal descriptions of the theta 
divisor O on a Jacobian J, which amount to giving a homomorphism of locally 
free sheaves on J whose degeneracy locus is O. As is also well known, these 
descriptions extend to stacks of G-bundles on a curve C for other reductive groups 
G. In particular, when Mumford's approach to theta-characteristics |MuTh| is 
globalized in this way, it leads to the second main point of this paper: Tsuyumine 
showed (PU, Theorem 1) that theta-constants on the moduli space M 9) ( 4)8 ) of 
curves with level (4, 8) structure, which are determinants, have a square root, and 
we show here that these square roots have a local description as pure spinors. 

The outline of our approach is this. Assume that g > 2; our formulae make 
no sense when g = I. Given an iV-torsion point P on A := Jac°C, we write 
down, in terms of determinants of twisted quadratic differentials, an explicit 
rational function fp on X : = Jac 9-1 C with an equality (fp) = NQ P — NQ of 
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divisors, where O = © is the theta divisor on X and Op = t* P Q is its translate 
by P. These functions, defined so far up to an arbitrary scalar, give a formula 
for the Weil pairing e^. Then, assuming that we know how to write down all the 
TV-torsion points of A, we choose normalized functions £p, in a way that involves 
Mumford's theta groups. The N 2g functions fp, with / = 1, define a morphism 
(an embedding if N > 3) X — ► p^ 29-1 to a projective space with a co-ordinate 
system that has been specified by the theta group structure. The linear span of 
the image of X is a copy of p^ 9 - 1 ^ which varies with the moduli of C, or A. 

To make this work we need to be able to find the iV-torsion points A[iV]. 
We do this in two ways. First, we give a projective description of the group law 
on Jac^, which in turn is given in terms of a chord and tangent construction 
on JaCgT 1 , and from this derive equations defining A[iV]. Second, which is more 
efficient, we use interpolation to find the functions that define multiplication by 
N, and then derive equations of A [TV], 

Now assume that p ^ 2. Then the moduli point is obtained by evaluating 
the functions fp at the theta characteristics, which are the fixed points on X of 
the involution provided by [—1a], acting as D i— > Kq — D. Over C, these values 
are just the ratios of the iVth powers of the theta-constants 9[a,b](p + rq, r), 
where a, b run over ((l/iV)Z/Z) s and p, q over (1/2)Z/Z) 9 . When p = 2 we do 
something slightly different, described below. 

I am very grateful to Robin de Jong, for telling me at the Schiermonnikoog 
conference about Matone and Volpato's paper |MaV| . I am also very grateful to 
GNSAGA at the University of Rome, La Sapienza, and the Institut Mittag-Leffler 
(Djursholm) for their support. 



2 Principal symmetric abelian torsors 

This section is mostly a summary of well known facts. The only thing in it that 
might be new is to extend the use of theta-constants to co-ordinatize suitable 
level covers of A g to include characteristic 2, that is, to cover all of SpecZ rather 
than SpecZ[l/2]. 

We use Alexeev's idea of identifying the stack of principally polarized 
abelian schemes with the stack of torsors with a suitable specified divisor QA1J, 
Corollary 3.0.7). We impose the additional constraint of symmetry. 

An abelian torsor is a torsor under an abelian scheme A — > S. Given an 
abelian scheme A — > S, an A-torsor X — > S (assumed projective) is symmetric if 
the action of A on X is provided with an extension to an action of the semi-direct 
product A x [—1a], where [—1a] is the involution x \— > —x of A. Given such a 
torsor, we let Fixx denote the fixed-point subscheme of X with respect to [—1a]; 
it is a torsor under the 2-torsion subscheme A [2] of A. 
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Note that a smooth projective torsor X — > S determines the abelian scheme 
A under which it is a torsor, by A = Aut° x / S , the connected component of the 
automorphism group scheme. 

Lemma 2.1 if X — > S is an abelian torsor, then the sheaf Pic T x is represented 
by the dual abelian scheme Pic° . 

PROOF: The action of A on X is an isomorphism A x$ X — > X x$ X that 
commutes with the second projections to X. This defines an isomorphism of 
abelian sheaves 



Pic r Y x Pic^ -> Pic^ x PicV; 



taking cokernels by pr %P\c T x gives the result, since Pic ^ is represented by Pic A . □ 

Lemma 2.2 An ample line bundle M. on an abelian torsor X — > S defines a 
polarization A on A := Aut x i S . 

PROOF: Define A : A — > Pic^ by A(a) = t* a M <g> M' 1 , where t a denotes "trans- 
lation by a". The previous lemma completes the proof. □ 

Definition 2.3 An effective divisor 9 on the abelian torsor X — > S is principal 
if it defines a principal polarization on A := A\xt x / S . A principal symmetric 
abelian torsor is a symmetric abelian torsor X — > S with an effective principal 
divisor 9 that is symmetric, that is, preserved by the action of [—1a]- 

Let X g be the stack of principal symmetric abelian torsors of dimension g, 
A g the stack of principally polarized abelian varieties (ppav's) of dimension g and 
U — » A the universal ppav. By 12.21 there will be a natural morphism /3 : X — > A 
once it has been defined on morphisms. Of course, if / : (X, 9) — > (Y, $) is a 
morphism in X g , then g = /3(f) : Aut° x — > Auty is defined at the level of points 

by ffH(y) = /(«(/-% )))■ 

Recall ( |EHSB| . Lemma 1.6) that, for any morphism F : y — > X of alge- 
braic stacks, there is a (representable) groupstack K,p — > y, the inertia stack or 
automorphism stack or kernel, such that for any space x : U — > y, the product 
K<f x y,xU — > U is the automorphism group scheme of the object x over F(x). If F 
is a gerbe ( |EHSB| . Definition 1.10) and Kp is trivial, then F is an isomorphism. 



The next result is analogous to Corollary 3.0.7 of [AT]; the only difference 
is that we take the torsors to be symmetric. 

Proposition 2.4 (3 : X g — » A g is an isomorphism. 

PROOF: We show first that (3 is a gerbe. 

To prove local surjectivity on objects, suppose that (A, A) — > S is a princi- 
pally polarized abelian scheme. There is a faithfully flat map T — >• S such that 
on At there is a symmetric line bundle 0(0) which defines At- Then (At, 9) 
provides a suitable object in X. 

To prove local surjectivity on morphisms, suppose that (X, 9) — > S and 
(Y, $) — > 5 are objects in X and a : (A = Aut^,A) — > (B = Auty,/i) is an 
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isomorphism of the corresponding principally polarized abelian schemes. Then, 
locally on S, there are isomorphisms £ : A — > X and 77 : B — > Y such that A is 
defined by £*9 and /1 by rf <&. Then ( := )j o a o : X -> 7 is an isomorphism 
such that and G define the same polarization. Then they differ by a 

translation; that is, there is an S-point a of A with £ -1 (<l>) = a*9, so that (oa _1 
is an isomorphism ip : X — ► Y with = 0. 

So /3 is a gerbe, and it is enough to check that (5 is locally injective on 
automorphisms. For this, we can assume that S is a geometric point. 

Suppose that £ : (X, 9) — > (X, 9) is an automorphism that induces the 
identity on A. That is, a(x) = C,a^(x) for all x G X and a & A. So £a = a£ as 
automorphisms of (X, 9) for all a & A. Locally on S, there is an isomorphism 
X — > A; via this, £ is an isomorphism £ : A — > A (of varieties, not of abelian 
varieties) such that £ o t a = t a o £ for all a, where t a denotes translation by a. So 
£(a + b) = a + £(6) for all a, 6 G A Now there is an automorphism 7 of A, as an 
abelian scheme, and a point Co on A such that = 7(2) + Co for all x. Since 
7(0 + b) = 7(a) + 7(6), substituting into £(a + 6) = a + £(6) gives 7(a) = a for all 
a. □ 

There is usually no line bundle on a ppav (A, A) that defines A. However, 
there is a unique totally symmetric line bundle M.2 that defines 2A, namely 
M.<2 = £ A (A). Note that 2A determines A, because End(A) is torsion free. This 
leads to consideration of the 2-commutative diagram 

X p - A 



2' 



<:)■ 



Here iX g is the stack associated to the prestack of pairs (X, £ 2 ), where X — > S 
is a symmetric abelian torsor and £ 2 is a line bundle on X, trivial along Fixx, 
taken up to isomorphism and taken modulo the pullback of line bundles on S, 
that defines twice a principal polarization A on A := Aut^, and iA a is the stack 
of ppav (A, A) with a totally symmetric line bundle M.2 as above. It is immediate 
that a is an isomorphism, so we identify 2<A g with A g . 

Proposition 2.5 2^ g is algebraic and 5 : 2% 9 — > A 9 makes 2% 9 isomorphic to 
the classifying stack BU[2], where U —> A g is the universal abelian scheme. 

PROOF: First, the obvious forgetful map provides a section of 5. So it is surjec- 
tive on objects. 

The proof that 5 is locally surjective on morphisms is exactly the same as 
in 12.41 except for replacing 9 by £ 2 and $ by M.2- 

So 5 is a neutral gerbe. It is clear that the automorphism group of (X, £ 2 ) 
that covers the identity on A = Aut° x is #(£2)5 which is A [2], so that QEHSBJ, 
Prop. 1.11 or [LMB] . Lemme 3.21) 2 X = BU[2\. It follows that 2 X g is algebraic. 
□ 
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3 Level structures and moduli 
3.1 Abstract theta groups 

We now review Mumford's theory of theta groups, with slight modifications im- 
posed by the point of view that line bundles, divisors, rational functions and 
linear systems live on X rather than on A. N will always denote an integer with 
N > 2 that is invertible in whatever base ring, or scheme, we are considering. 

Put L = (Z/NZ) 9 x fi 9 N with its standard symplectic pairing e : LxL — > fi^- 
As usual, a level N structure on A is a choice of isomorphism <p : L — > A[N] 
taking e to the Weil pairing e^; a level N structure on X is a level N structure 
on A = Aut° x . 

There are bilinear pairings d : L x L — > //jy whose skew-symmetrization is 
e, that is, that satisfy e(P, Q) = d(P, Q)/d(Q, P); for example, choose a primitive 
iVth root ( of unity and a symplectic basis {Pi, P g , Qi, Q g } of L and then 
define d by <i(p, Qi) = £> d(Qi, Pi) = 1 and d — 1 on all other pairs of basis 
elements. Of course, if iV is odd, then there is a canonical choice of such a form 
d, namely, d(P, Q) = e(P ,Q)V f+1 V 2 . 

Mumford |MuEqI| defines the (abstract) theta group Ql, a central extension 
of L by G m , to be Ql = & m x L, with group law 

(X,P).(v,Q) = (Xu d(P,Q),P + Q) 

and natural surjection ir : Ql — > L. The commutator pairing is e. The next 
lemma shows that, given e, Ql is independent of the choice of d. 

Lemma 3.1 Given a symplectic pairing e on L, there is a unique central exten- 
sion of L by G m whose commutator pairing is e. 

PROOF: By |Br| . pp. 97 and 127, there is a short exact sequence 

- ExtL mm . gp . sch .(A[N], G m ) - H 2 (A[N], G m ) - Hom(/\ 2 A[N], G m ) - 0. 

The middle group classifies central extensions of A[N] by G m and the left hand 
group is trivial ( |MuAV| . p. 223, Lemma 1). □ 

Such a central extension is a theta group. 

Say that an automorphism of Ql is quasi-trivial if it induces the identity 
on the central G m and on the quotient L. As usual, write Hom(L, G m ) = V . 

Lemma 3.2 (1) If x G L v , then there is a quasi-trivial automorphism a = ot x 
of Ql defined by a(A, P) = (X X (P), P). 

(2) The map x ^ ci x is an isomorphism from L v to the group of quasi-trivial 
automorphisms ofQL- 

PROOF: (1) is trivial. 
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For (2), suppose that a is a quasi-trivial automorphism of Ql- Then 
a(X, P) = (X/3(X,P), P) for some morphism (3 : G m x L — > G m of schemes. 
Write (3(X,P) = (3 P (X) and G m = Specfc[t, r 1 ]; then /3£(t) = pt n for some 
p £ k* and n E Z. That is, /3(A, P) = p(P)X n ^ for some maps p : L — > G m and 
n : L — > Z. 

Since a is a homomorphism, 

/?(Apd(P, Q),P + Q) = 0(A, P)/3(/i, Q). 

This gives 

p{P + Q)(Xfid(P, Q)) n( - P+ ^ = p(P)p(g)A"( P V n(Q) 

for all A, fi € G m and P,Q & L. By fixing /i, P and Q and letting A vary, we see 
that n is constant, so that 

d(P,Q)- n = p(P + Q)p(P)- 1 p(Q)- 1 . 

In particular, d n is symmetric, so that 

C = d{P u Q l ) n = d{Q u P i ) n = l. 

So iV divides n and cf 1 = 1. Thus p : L — > G m is a character and /3(X, P) = 
X n p(P). Since /3(A, 0) = 1, it follows that n = and we are done. □ 



3.2 Concrete theta groups 

Suppose that (X, 9) is a principal symmetric abelian torsor with A = Aut^. For 
P G A, define tp : X — > X to be the translation by P (or action by P) and Op to 
be the translate 6p = £ P 0. In particular, O = 0. Then the level N theta group 
of (X, 6), to be denoted by Qx,e,N, is the set of pairs (f P , P), where P G ^4[iV] 
and /p is an isomorphism tpOx(NQ) — > Ox(NQ). Over a field, such an f P can 
and will be regarded as a rational function on X whose divisor (f P ) is (f P ) = 
NQp — NQ 0l where 0o = 6. Such a function is a Weil function for P (at level 
N). The kernel of the projection Qx,e,N A[N] is naturally identified with G m . 
The group structure on Q x ,o,n is defined by (fp,P)(fQ,Q) = {fp.t* p f Q ,P + Q), 
(/p,P) _1 = (t*_pfp X , — P) and by taking (1,0) as the identity. It is clear that 
Gx,e,N is a theta group. 

Lemma 3.3 (1) The Weil pairing ex determines and is determined by the group 
scheme Gx,e,N> when this is regarded as a central extension of A[N] by G m . 
(2) The Weil pairing e N is given by e N (P, Q) = 

PROOF: (1) is just a restatement of 13.11 

For (2), according to |MuAV| . p. 227, the commutator pairing on Qx,b,n 
determines ex- □ 
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Definition 3.4 Given a principal symmetric abelian torsor (X, 9), or a ppav 
(A, A), a level (N,~&) structure on (X, 9) is a choice of isomorphism ip : Ql — > 
Qx,e,N that induces the identity on the central G m s. We denote by A gt N,$ the 
stack of g-dimensional ppav's (or principal symmetric abelian torsors) with a 
level (N, $) structure and, as usual, by A 9t N the stack of g-dimensional principal 
symmetric abelian torsors (or ppav's) with a level N structure. 

Proposition 3.5 The character group V acts freely on A g ,N,$ and the quotient 
is identified with A 9t N- 

PROOF: This follows at once from [O □ 

Definition 3.6 Suppose that (X, 9) is a principal symmetric abelian torsor and 
that, as usual, A = Aut° x . 

(1) A Weil set is an ordered set (fp) p<=A[N] of Weil functions. 

Now suppose fixed a level (N,&) structure on (X, 9). Fix also a bilinear 
pairing d on A[N] with e N (P, Q) = d(P, Q)/d(Q, P\ 

(2) The Weil set (fp) PeA[N] is normal if f P .t P f Q = d(P, Q)f P+Q and /_ P = 
t*_ P fp l forallP,Qe A[N\. 

(3) A normalization of a given Weil set {fp)peA[N] is an ordered set of 
non-zero scalars (osp)p£A[N] such that (ctp/p) is normal. 

Note that for any Weil set (fp)peA[N], each ratio fp-tpfq/fp+Q has trivial 
divisor, and so is a constant function. 

Given a Weil set, there is, by 13.11 an isomorphism of schemes ip : Ql — > 
Gx,e,N defined by (A, P) i— > (Xf^p), 4>{P))- Notice that if) is a level (N, -d) structure 
if and only if (fp)peA[N] is a normal Weil set; this is the reason for defining the 
latter notion. 

In particular, there exists an isomorphism ip : Ql — > Qx,e,N, and so there 
exists a normalization (ctp) of any given Weil set {fp}. To calculate one, we 
proceed as follows. 

By associativity, the conditions on the ap are that 

Ctp+Q JP-tpjQ 

for all P,QeA[N}. 

Note that f = 1 automatically. Start by imposing f = 1 and a = 1. 
Choose a point x on X in general position. 

Lemma 3.7 

7N _ fp\ Ilm=l fmp( x o) ,JV 

where e(P) = 1 if N is odd and e(P) = ±1 if N is even. 
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PROOF: All ratios apaQ are determined by evaluating / P l Q t at Xn and eval- 

&P+Q J ° JP-tpJQ u 

uating d(P,Q); taking Q to be the various multiples of P and multiplying the 
products A . . . , ^if^ then gives 

7Af _ Ilm=l fmp(Xo) ,/ p r>\N(N-l)/2 fN 

JP - , N , x n jv-l , / r>\ \ > > Jp} 

from which the result follows. □ 

This formula also shows that to compute the functions fp, we can assume 
that each ap lies in /i^. To find these iVth roots is, by 13.21 a matter of splitting 
a torsor under L v . This can be done explicitly by adapting a little of Igusa's 
treatment of theta characteristics (|Ij, top of p. 210). 

Define j(P, Q) = d{P, Q)jp^ for P,Q G A[N}. We must solve the equa- 
tions 

for all P,QeA[N\. 

Write a(P) in place of ap and put Pi = r^, Qi = r i+g for i = 1, . . . , g. For 
each i = l,..., 2g, assign a{r-i) 6 ji^ arbitrarily. Then for any integer m, 

a((m + lyi) = a(mri).a(ri)/j(mri, r;). 

So a{mri) is determined. Next, if 2 < q < 2g, then 

q q-l q-1 

aC^m.r^) = a(^mi j r ij ).a(mi g r iq )/"/(^2mi j r i ., m iq r ig ), 
11 1 

so that, by induction on q, a is determined as a function a : A[N] — * fi N . 

It is convenient to have also the notion of a symmetric level (N, structure. 
For even N this is described on pp. 194 — 6 of |GITj in the context of abelian 
varieties, and we repeat it here with the extension, in the context of torsors, to 
all N. 

The abstract theta group Ql has an involution ll defined by ll(X,P) = 
(A, — P); this is the identity on the central G m . The concrete theta group 
Qx,e,N also has such an involution, denoted by 1 and defined by t(fp, P) = 
(fpo[-l A ],-P). 

Definition 3.8 A level (N, structure ip : Ql — * Qx,e,N is symmetric ifipoi L = 

Of course, if N = 2 then every level (N, $) structure is symmetric. 

For a symmetric level (N, structure we can more nearly pin down a 
normalization (ap) of a Weil set (fp); if N is even, there is an ambiguity of ±1, 
and if N is odd there is no ambiguity. 
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As above, we can suppose that ap G /In for all P G A [AT]. The symmetry 
condition gives ct_p/_p = a P f P o [— 1 A ], so that evaluation at one point x of 
X determines the value of ap/a_p. Since «p«_p is determined by «p«_p = 
7(P, —P), ap is determined uniquely if N is odd and up to ±1 if N is even. 

3.3 Co-ordinates on moduli spaces 

We show now how to co-ordinatize first A 9jN ^ and then A 9j n over Z[li n ,1/N] by 
evaluating theta functions (that is, sections of line bundles), without excluding 
characteristic 2; of course, this is very well known away from the prime 2 and is 
due to Klein, Igusa and Mumford. To extend this to include the prime 2 is only 
slightly different, and we do it by evaluating rational functions (which are ratios 
of theta functions) on a torsor X at the subscheme Fixx- 

Start by identifying the vector space H°(X,Ox(NQ)) with the set of ra- 
tional functions g on X whose polar divisor (g)oo is at most NO, together with 0. 
There is a representation of Gx,N,e on H°(X,Ox{NQ)), given by (fp,P)(g) = 
fp-tpg; since Gx,q,n is isomorphic to Ql, the representation theory of this latter 
group tells us that this representation is irreducible. Note that, if g is a Weil 
function for Q, then (fp,P)(g) is a Weil function for P + Q, so that the Weil 
functions lie in H°(X, Ox(NQ)) and are permuted (up to scalar multiples) by 
Gx,b,n- Therefore they span H°(X, O x (NQ)). 

A choice of level (N, •&) structure on (X, 9) then determines a representa- 
tion of Q L on H°(X, O x {NO)), which makes H°(X, O x {NO)) isomorphic to the 
unique irreducible representation V oIQl, defined over Z[fi N , 1/N], on which the 
central G m acts via homotheties. 

Let V denote the k- vector space of functions h : L — > k. 

Lemma 3.9 (1) Q L acts on V by ((A, P)(h))(R) = X.h(R - P)d(R, P)" 1 . 

(2) L v acts on V by (x(h))(R) = X (R)h(R). 

(3) There is a group structure Ql defined on Ql x L y by 

((A,P), X )((/i,Q),0)) = ((A,P)(/i,Q) X (Q),X0). 

Here the scalar x(Q) JS identihed with an element of the central G m in Ql- 

(4) Writing ((A, P),x) = (\(PjX)) exhibits Ql as a central extension of 
L © L y by G m . As such Ql is isomorphic to Ql®vj ■ 

(5) The actions of Ql and V on V combine to give an action of T iei v that 
makes V the standard irreducible representation of T iei v. 

PROOF: Axiom checking. □ 

Suppose that L, M are two symplectic Z/A^-modules with Lagrangian de- 
compositions L = L\ © L\ and M = Mi © AP/ . Then the space of maps L\ — > k 
is the standard irreducible representation Vo of Ql] let Wo denote that of Qm- 
Then V © W is naturally isomorphic to the space of maps L\ © M 1 — > k, and so 
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is the standard representation of Ql®m- Then Ql®m acts on the Segre embedding 
F(V )xF(W ) ^ F(V ®W ), The projections from F(V )xF(W ) to F(V ) and to 
P(W / o) are C/LeAf-equivariant. Of course, the central G m is acting trivially, so that 
L@M acts effectively on F(V ) x P(W / ), while it acts on F(V ) via the projection 
L® -)• L and on F(W ) via L© -> M. Also, the projection P(Vb) xP(W ) -> P(V ) 
factors through F(V ) x P(W )/M, and F(V ) x P(W ) -> P(W ) factors through 
P(Vb) x F(W )/L. 

So, if we take M = L v , then V is isomorphic to Vo ® Wo as representations 

of r iei v. 

Denote by X — > A 9 ,n$ the pullback of the universal principal symmetric 
abelian torsor. 

Theorem 3.10 (Klein, Igusa, Mumford) There is a morphism <f> : X — > P(V) 
defined by x i— > (/p(;c))peA[iV] whenever (X, 9) is a principal symmetric abelian 
torsor and a level (N, i?) structure is chosen on A = Aut^. The (/p)pgA[Arj are 
the normalized Weil functions determined by the level (N, i?) structure. 

This is nothing more than a very slight variant of the use, which goes 
back to Klein, of rigidified global sections of line bundles over abelian varieties 
to construct moduli spaces for polarized abelian varieties A with level structure. 
Note that we include characteristic 2, but remember that N is always prime to 
the characteristic and N > 2. 

Theorem 3.11 Suppose that N > 3. 

(1 ) There is a morphism x '■ ^g,N,-d ~^ Hilbp^^s given by taking the 
image of Fixx in F(V) under 0, where Hilbpjy^as is the Hilbert scheme that 
parametrizes O-dimensional subschemes of degree 2 2g in F(V). 

(2) There is a commutative square 

,N,S >■ Hilbp(y) j2 29 

Ag t N — ^-»- Hilb P (v) )2 2g / V . 

(3) These morphisms are locally closed embeddings if N > 4. 

PROOF: The existence of x follows at once from the preceding discussion. To see 
that it is a locally closed embedding we appeal to the argument on pp. 199 — 200 
of |MuTataiTT] (which, as the authors there state explicitly, works for all N > 4, 
whether even or odd). This is to the effect that, if we have a principal symmetric 
abelian torsor (X, 9) over any base S in which N is invertible, then for N > 4 the 
moduli point determines the torsor, since X can be recovered as the intersection 
of the quadrics through the (?£-orbit of any given point of Fixx- □ 

Remark: (1) Going further, we can pass from the Hilbert scheme to the Chow 
scheme Chowp(y) )2 29 of 0-cycles with degree 2 2fil , which is just the symmetric 
product F(Vy 22g \ That is, there are morphisms A g ^,^ —> Chowp^)^ and 
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A 9j n - ► Chow P (y) 2 29 /L v , and these morphisms are also locally closed embed- 
dings if iV > 4. The homogeneous co-ordinates on this Chow scheme are multi- 
symmetric functions of the co-ordinates on P(V), so more explicit than those on 
the Hilbert scheme. 

(2) These morphisms to the Chow scheme can be defined directly, without 
going to the Hilbert scheme; this approach has the advantage of working also 
when N = 2. 

(3) In order to prove that these morphisms are locally closed embeddings 
when N = 3, we would need to know that there is an integer d > 2 such that 
X can be recovered as the intersection of the <i-ics through Fixx- However, I do 
not know a proof of this. 

The variety that parametrizes the irreducible subrepresentations of Ql in 
V, every one of which is isomorphic to Vo, is a copy of P(W / )- In fact, P(V) 
contains a copy of the Segre embedding of P(V r ) x P(W ), and P(V r ) x P(Wo) is 
the union of the projective spaces P(Vt) as V t runs over the family of irreducible 
subrepresentations of Ql in V. 

Since, for each geometric point s of A 9t N,&, the linear span of the image 
in P(V) of the torsor X s is P(Vf) for some t, the image of X under (f> lies in 
P(Vo) x P(W ). This gives the following assertion. 

Proposition 3.12 The morphism x '■ A 9} n,& —* Hilbwy) j2 2 9 factors (by abuse of 
notation) as a morphism x '■ A?,^ — ► Hilbp(y ) x p(w ),2 2 9- 

This leads to further quasi-projective realizations of A 9y N,-d and A 9 ,n, as 
follows. 

Theorem 3.13 (1) Suppose that N > 3. Then there are morphisms i\\ : 

Ag )N) D -> P(W / ), 7T2 : A 9)N -> Hilb P (v ), 2 2 9 and 7r 3 : A 9tN -> Chow P{Vo) ^a ■ 
(2) Tii and n 3 are also dehned when N = 2. 

PROOF: Define ~K\ to the composite of (f> with projection to P(W / o) (that is, ~K\ 
takes a torsor X to the linear span of its image under 0). Note that this argument 
works for all iV > 2. 

Suppose that N > 3. To construct 712 and 113, note that there is an open 
subscheme Hilb of Hilbp(y) ;2 2s such that the projection pr\ : P(Vo) x P(W / o) — > 
P(Vo) induces a morphism qi : Hilb — > Hiibp(y ) i2 2s. Since, for every geometric 
point s of A 9t N,d, the image of the torsor X s in F(V) lies in one of the copies of 
P(V r ) parametrized by P(H / o), the image of x '■ A 9i n,0 — >■ Hilb F (y ) xP ( H / ) !2 2 9 lies 
in Hilb . So composing x with q 1 gives a morphism 7r 2 : A g ,N,-$ — * Hilb P (y ) 2 2 9 . 
Since V acts trivially on P(Vo), it follows that 7r 2 factors though a morphism 

7T2 : A 9t N-d/L W = A 9i N — >■ Hilbp(y ) j2 2 9 . 

Finally, suppose that N > 2. Then the same argument, but working di- 
rectly with the Chow scheme, goes through for the construction of ^3. □ 

Remark: The morphisms 7r 2 and 113 can be summarized as follows. Start with a 
principal symmetric abelian torsor (X, 9) and a level N structure : L — > A[iV], 
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corresponding to a geometric point s of A 9j n- Lift s to a geometric point s 
of Ag^Ntf- Then s determines an isomorphism H°(X,Ox(NQ)) — > V . The 
morphism X — > P(Vo) (an embedding if N > 3) restricts to Fixx — > P(Vo) and 
7T 2 (s) or 7r 3 (s) is the point in Hilbp^^s or Chowp(y ) i2 2 9 corresponding to the 
image of Fixx- 

It is not clear whether 7Ti is an embedding, while, for N > 4, 7r 2 is an 
embedding: the torsor X can then be recovered as the intersection of the quadrics 
through Fixx- 

Instead of taking the image of Fix x in the Hilbert or Chow scheme we can 
take the cycle-theoretic image of X itself. 

Theorem 3.14 (1) Taking the cycle-theoretic image of X in F(V ) x F(W ) 
defines a morphism uj\ from Ag^ to the Chow scheme Chow-p(y )x¥(w ),g,Nsg\ of 
cycles of dimension g and degree N 9 g\ in P(Vo) x P(W / ), where "degree" refers to 
the degree in the ambient P(V). 

(2) Composing uj\ with the projection F(V ) x F(W ) — > P(V r ) defines a 
morphism uj 2 : A 9: n — * Chowp(y ) i9iA r 9;7 !. 

This morphism u; 2 is an embedding when N > 3, but is not quasi-finite 
when N = 2 and g > 2, because, if X polarized torsor, a product Y x E 

with .E a curve of genus 1, then this cycle cannot detect the isomorphism class 
of E. 

Up to this point, in order to remove the difference between level (N,"&) 
structures and level N structures, we have taken quotients by L v . Another way 
of doing this, at least when N is odd, is to use symmetric level (N, $) structures, 
as defined above, and the stack A g) x^,symm of ppav's with a symmetric level 
(N, $) structure; when N is even this leads to a level (N, 2N) structure. 

Theorem 3.15 (1) There is a closed embedding A g ^N,-d,symm — > Ao 

(2) The composite Ag t N,-a,symm — > A 9t N is an isomorphism if N is odd and 
is a quotient by the group L V /2L V of quadratic characters of L if N is even. 

(3) IfN is even then Ag^^^ymm is isomorphic to the stack A g> N,2N of ppav's 
with level (N, 2N) structure. 

PROOF: This is an immediate consequence of 13.21 and the definition of level 
(N, 2N) structure. □ 

Corollary 3.16 (1) If N is odd, there are locally closed embeddings A 9t x —> 
Hilb P (y) i2 29 and A 9> n — » Chowp(y) i2 2 9 . 

(2) If N is even, there are locally closed embeddings A 9t N,2N —> Hilbp(y) 2 2 9 
and A 9j n,2N Chowp(y) 2 2 9 . 

3.4 Odd and even points (characteristic not 2) 

As already mentioned, in order to be able to use the theta-constants (that is, theta 
functions evaluated at a single point rather than the entire subscheme Fixx) as 
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homogeneous co-ordinates on the moduli space we must exclude characteristic 2. 

Denote by M g = Mg ]J M~ the stack of principally polarized abelian g-folds 
A with a symmetric divisor that defines the polarization; Mg or M~ is the 
connected component where mult is even or odd (|FCJ, p. 132). The forgetful 
map M g — > A g is a torsor under U[2] and M^ — > A g is finite and etale of degree 
2 9 ~ 1 (2 9 ±1). We identify M g with the stack of principal symmetric abelian torsors 
(X, 9) with a choice of point x in Fixx] then A/? is the open substack where 
the multiplicity of a; on is even or odd. 

Let £/£ = Ql x (ll) be the semi-direct product. 

Lemma 3.17 The standard N 9 -dimensional representation Vq of Ql extends 
uniquely to a representation of Q* L . 

PROOF: Choose a decomposition L = L\ © L 2 into Lagrangian submodules, so 
that L 2 is identified with L\. Then V has a basis {ei\l G L\) with respect to 
which Li acts by m(e^) = e;_ m , L 2 acts by x( e «) — xi}) e i an d the central G m acts 
by A(ej) = Ae;. We extend this by defining ti(ej) = e_£. □ 

As before, V = Vo ® Wo, where Wo is the trivial A^-dimensional represen- 
tation of Q* L . 

Suppose that N is odd, and consider the stacks M^ N . The fixed point locus 
of Ll on P(V) is the disjoint union of two linear subspaces, F(V + ) and P(V~), 
where V ± is the ±l-eigenspace of ll- 

Theorem 3.18 There are locally closed embeddings M^ N — > P(V ± ). 

PROOF: These embeddings are defined by choosing a symmetric level (N, i?) 
structure on the pointed principal symmetric abelian torsor (X,Q,x) and then 
taking the point (fp(x))p^A[N] m P(V). This point lies in P(V^ ± ), as appropriate. 
□ 

Before considering further the case where A^ is even, we recall some results of 
Igusa [I] and Mumford |MuTh| . Then Fix is the set T of theta characteristics and 
A[2] is the group P of period characteristics. We summarize some of the relevant 
linear algebra over Z/2; Igusa ([I], p. 209 et seq.) uses multiplicative notation, 
while other sources use additive notation. We shall use additive notation. 

Write r] = loge2, where e 2 is the Weil pairing on A [2] and log : n 2 — > Z/2, 
with inverse exp, takes 1 to and —1 to 1. Then T is identified ([I], p. 209) with 
the set of functions L : T — > Z/2 such that L(u + v) + L{u) + L(y) = r)(u,v); 
such an L is a quadratic form. Its Arf invariant rj(L) G Z/2 is given by rj(L) = 
log(2~ 9 ^ reP expL(r)) Ql], p. 210.) Igusa's e(L) is then e(L) = exprj(L). 

If L is a theta characteristic, regarded as a point on the torsor X, then 
define e*(L) G Z/2 to be the multiplicity multL(6) of the divisor 9 at the point 
L, taken modulo 2. This equals the logarithm of the the scalar obtained by 
evaluating the isomorphism that defines the symmetry of 0(0) at the point 
L, and it is also the Arf invariant rj(L). Igusa writes e(L) = exp^(L). Moreover, 
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it coincides, when A is the Jacobian of a curve C, with Mumford's definition 
of e*(L) in [MuThJ, by the Riemann singularity theorem. If a, b G A[2], then 
MnThj 

e*(L) + e*(L + a) + e*(L + b) + e*(L + a + b) = r)(a, b), 
so that if we define f L : A[2] -> Z/2 by 

/i(a) = e*(L + a) + e*(L), 

then /l is a theta characteristic in Igusa's sense. That is, r)(a, b) = + 
/i(a + 6), so that writing L instead of fi gives the two ways of seeing T. 

The Arf invariant divides T = Fix as T = T + ]J T~ , where T + is the set 
of even points (those with Arf invariant 0) and T~ is the set of odd points (those 
with Arf invariant 1). This is preserved under monodromy, so that the stack A g 
has, over SpecZ[|], two finite covers A° dd and Ag Ven , of degrees 2 9 ~ 1 (2 9 — 1) and 
2^-1(29 + l) 5 and Af = M^. 

The next lemma, due to Igusa (Lemma 23 of [I], p, 214), serves to identify 
X with A once a level 2 structure is chosen. A level structure is an isomor- 
phism xjj : P — ► (|Z/Z) 29 , where (|Z/Z) 29 has the standard symplectic form 
e(mi, m 2 ; rix, n 2 ) = exp(27rz(mi*n 2 — ra 1 *m 2 )); here mi,...,n 2 G (|Z/Z) 9 are row 
vectors and l x is the transpose of x. A choice also of an element S in T then 
defines ip o g : T - >■ (|Z/Z) 29 . 

In |MuEqI| Mumford defines, when A = A and the theta characteristics 
are identified with the period characteristics, 

logef (0) (a) = mult a (0) - mult (6) (mod 2) 

for a G A[2]. In this case, if L, M are theta-characteristics with M = L + a, then 

log/ L (a) = e*(L + a) - e*(L) = log(ef ( e )(L + a)/e^ e \L)). 

Lemma 3.19 (Lemma 23 of J]f, p, 214J A choice of level 2 structure on A 
determines a unique even theta characteristic 5 such that when we write ipo5(a) = 
(mi,m 2 ), we get e(a) = exp(27T2m 1 *m 2 ). 

So a choice of level 2 structure rigidifies A[2] and determines an isomorphism 
X — » A that takes 5 o 0^, Fixx to A[2], and so rigidifies Fixx- In particular, if 
N is even, then a level (A, 2A) structure determines a level 2 structure, and so 
rigidifies Fixx- Since giving a symmetric (N,$) structure is equivalent to giving 
a level (A, 2A) structure, we recover the following famous result. 

Theorem 3.20 (Igusa, Mumford) If N is even, there is a locally closed em- 
bedding A 9t N,2N P(V) obtained by sending the principal symmetric abelian 
torsor (A, 6) with a symmetric level (A, $) structure to the point (fp(6))peA[N]- 
Here the fp are the normalized Weil functions determined by the symmetric level 
structure. 
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Later on, in 18.31 we shall see, when the base field is C, how to write the 
normalized Weil functions in terms of theta functions with characteristics, which 
will make it clear that this theorem is exactly the classical co-ordinatization of 
•A g) N,2N by the iV'th powers of the theta-nulls. 



4 Determinantal formulae for theta functions on 

Jac^ -1 and Jac° 

In this section the characteristic p is arbitrary and C is a curve of genus g > 2. 
The Jacobian morphism j : M. g — > A g that sends a curve C — » S of genus g 

to its principally polarized Jacobian Jac°C — > S factors as M. g — ► X g — > A g , by 
sending C — > S to (X = Jac^Tg, 6), where 6 is the divisor consisting of effective 
classes; in fact, the morphism is most easily constructed this way. The symmetry 
of (X, 0) is a consequence of Grothendieck-Serre duality. 

Our aim is to extend a simplified version of Fay's addition theorem (Proposi- 
tion 2.16 of [Fj, p. 29), as specialized by Matone and Volpato ( |MaV| . Proposition 
4.1). As already mentioned, this goes back to Klein. In these formulae there 
are constants that depend on the choice of basis of the space of sections of some 
line bundle (typically pluricanonical or sesquicanonical) . However, the construc- 
tion of the normalized Weil functions has the effect of removing these unknown 
constants. 

For every n > 1 there is an Abelian sum map 

a = a n : C n — > Jac™ C, 

constructed as a composite C n — ► — > Jac™C. Denote the diagonal in 
C n by Ay. 

Proposition 4.1 Take the ground Held to be algebraically closed; then 6 is a 
well defined cohomology class on each Jac n C and the classes (2g — 2)a*0 and 
(g — 1 + n) J2iP r i^c — (2<? — 2) J2i<j on C n are cohomologous. 

PROOF: It is convenient to prove this over the moduli space M g , so that we 
can exploit the fact the the image of the monodromy group acting on the 2g- 
dimensional vector space if 1 (C, L), where the cohomology H* has coefficients in 
a field L of characteristic zero (for example, £-adic cohomology) is Zariski dense 
in the symplectic group S'p(iJ 1 (C, L)). 

Then a*9 is a class in H 2 (C n ,L) and the class a*9 is invariant under 
the symmetric group & g and under S , p(i/ 1 (C, L)). So suppose that V is a 2g- 
dimensional vector space over L with a non-degenerate symplectic form 0. The 
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First Main Theorem for the invariant theory of Sp(V, 0), together with consider- 
ation of the symmetric group & n , asserts that, for any positive integer n, 

i i<j 

where (pi is just (p on the ith copy V* of V and ipij corresponds to the given 
isomorphism Vi — > Vj. 

Hence a*Q is cohomologous to a ^iW'tKc + b Yli<j ^ji f° r some a,b <E L. 
To determine a and 6 we intersect (separately) with two curves, T 1 and T 2 . 

First, take to be the vertical curve ("a co-ordinate axis") consisting of the set 
{(Pi, . . . ,P n -i,x)}, where the Pi are fixed and distinct. Then Ti.a*Q = g, by 
Poincare's formula, while Ti. J2iP r i^c = 2g — 2 and IY J2i<j ^ij = ( n ~ !)■ So 
^ = (2^-2)a+(n-l)6. 

Second, take T 2 to be the diagonal {(#,..., #)}. Then T 2 — > Jac"C factors as 

Jac 1 ^^ Jac^C, 

where [n] is multiplication by n. Since [n]*0 = n 2 0, in an obvious abuse of 
notation, Poincare's formula shows that r 2 .a:*0 = n 2 g. 

On the other hand, note that ^2pr*K c = K c ™ and T 2 . J2pr*K c = n(2g — 
2). Put A12 = 5, a copy of C™" 1 . So T 2 .K C ™ = n(2g - 2) and T 2 .K 5 = (n - 
l)(2g — 2). The adjunction formula then shows that T 2 .5 = — (2g — 2). It follows 
that n 2 g = a.n(2g - 2) - b.(2g - 2).n(n - l)/2. 

Clearing denominators now gives the result. □ 

Now suppose that m is any integer m > 2 and n = (2m — l)(g — 1), and 
take to be the effective divisor on Jac™ C defined by the canonical isomorphism 
Jac 9 ' 1 C -> Jac" C. 

Corollary 4.2 Suppose that P is a point on A, corresponding to the invert- 
ible sheaf Hp = Oc(Dp) of degree on C, and that {<rf , . . . , a^} is a basis 
of H (C,O(mK c + Dp). Then the zero locus on C n of det(of equals 

a- 1 (e P ) + EA ij . 

PROOF: We have just shown that (det (erf (zj)))o and a _1 (0p) + ^2 Ay are co- 
homologous. On the other hand, any point in a _1 (6p) is of the form {zi, . . . , z n } 
with ^( 2m-2 )( 9_1 ) Zi linearly equivalent to (m — l)K c + D P . That is, there is a 
non-zero section r of H (C : O((m — 1)K C + D P )) vanishing at ^( 2m ~ 2 ^ 9_1 ) Zi- 
Pick a basis u>i, . . . , uj 9 of H°(C, O(Kq)), and then extend {rui, . . . , ru g } to a 
basis {er-} of H (C,O(mK c + D P )). Then the n x n matrix (^[(zj)) has a 
g x (2m — 2)(g — 1) block that is identically zero. This forces det(a' i (zj)) = 0, and 
then the same is true of det(af(zj)). That is, a: _1 (Op) + ^ Ay is contained in 
the member (det(a[(zj))o of the linear system | ^2pr*(mKc + Dp)\; since they 
are cohomologous over the algebraic closure of k, they are equal. □ 
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Remark: This is a version, valid over any field, of Proposition 4.1 of |MaV| . 
There the ground field is assumed to be C, but they also give explicit transcen- 
dental formulae for the constants of proportionality that we do not. 

Now suppose that n = 2m(g — 1), with m > 1. Then JacJ is canonically 
isomorphic to Jac^. There is no theta divisor, but only its cohomology class (over 
an algebraic closure of the ground field); there is a canonically defined line bundle 
C = £ A (A), where A is the principal polarization on Jac^., that defines twice the 
theta cohomology class [9]. 

Suppose that M, M' are divisor classes of degree g — 1 on C and that 
{af, . . . , a™} is a basis of H°(C, 0(mK c + M)). Denote by 9_ M the image of 
under the subtraction isomorphism Jac^~ — > Jac^ defined by M. 

Proposition 4.3 (1 ) The zero locus on C n of det (a f (zj)) is a _1 ( -Af 

(2) a _1 (6_M) is linearly equivalent to ^2pr*(mKc + M) — £ 

(3) If M is a theta characteristic, then 2Q_ M is in the linear system \C\. 

PROOF: The proof of (1) is the same as that of 14.21 and (2) follows at once. 

Certainly 20_m and C define the same cohomology class, and q*(20_m) is 
linearly equivalent to ^ pr*((2m+l)Kc) — 2 ^ij- But on the generic Jacobian, 
the only rational point is 0, so that 2Gjv/ and C are linearly equivalent generically, 
so everywhere. □ 

Corollary 4.4 Ifn = 2g — 2, then a*C is linearly equivalent to 3 2 pr*Kc — 

2£Ay. 



5 The group law on A via chords and tangents 

Here we give a projective description of the group law on A, analogous to the 
chord and tangent construction for plane cubics. 

Suppose that (X, 9) is any principal torsor and that (A, A) is the associated 
ppav. Recall that for N > 3, the linear system \NQ\ on X is very ample and 
embeds X in P^*- 1 . 

Proposition 5.1 There is a description of the group law on A in terms of a chord 
and tangent construction on the |30| image of X, as described in the course of 
the proof. 

PROOF: Given P and Q in A, there is, because H°(X, 0(Q X )) = 1 for all x in 
A, a unique hyperplane H in f> 39 ~ 1 that contains Op and 0q, so that H.X = 
@p + @Q + E for some divisor E. Then E = 6_p_q. Similarly, there is a 
unique hyperplane H' containing E and 0o, and ®p+q is recovered as the residual 
intersection of H' with X. □ 

It is important to notice that this can also be interpreted as the statement 
that there is a morphism n from A to the Grassmannian G(2 9 , 3 9 ) such that each 
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P G A is mapped to the 2 9 -dimensional space of linear forms that vanish along 
Op and the group law on A has a projective description. Obviously, n separates 
points. 

Recall that the principal polarization A on A defines a totally symmetric 
ample sheaf £^ on A that returns 2A. Denote by pr 1 ,pr 2 : A x A — > A the 
projections and er : A x A — > A the group law. We also let O denote the 
cohomology class on A defined by O, or A. 

Proposition 5.2 Tie composite morphism j : A — > P w defined by tc and the 
Pliicker embedding of G(2 9 , 3 9 ) in F N , where N = Qg) — 1, separates points and 
is dehned by a subsystem of the complete linear system \mC^\, where 

m = -(pr*0) fl - 1 (3pr;0 - a*©) s+1 /2(# + l)\g\ 

PROOF: It is clear that j separates points. Put V 3 = H°(X, C x (30)). We have 
two morphisms pr 2 ,<7 : A x X — > X, where ex is the action, and a morphism 
pri : A x X — > A. 

Put A4 = pr*C x (30)®(T*C x (-0). This is naturally a subsheaf of pr*C x (39);| 
taking sections gives a short exact sequence 

-> pr^M -> C A ® ^ 3 -> £ -> 

of locally free sheaves on A, where £ = pr20x-(3O)/.M, by definition. 

By construction, n : A — > G(2 9 , 3 9 ) is defined by the quotient (9 a <E> V3 — > 
£^0. 

Define pr u A4 = T . Then, by Grothendieck-Riemann-Roch, ch{T) = 
pr u (ch(M)). Since c/i(A4) = exp(d(M), we get ci(.F) = pTi*(3pT 2 *0-(7*0) fl+1 )/(#+| 
1)! On the other hand, we know, for example by considering the generic princi- 
pally polarized abelian variety, that det£ is isomorphic to (£^)® m for some m. 
To compute m, it is enough to determine 9_1 .ci(^ r ), since C\(F) = — Ci(£) and 
© ff_1 .Ci(£) = 2g!m. This gives exactly the stated formula for m. □ 

The morphisms pri,pr 2 ,cr : A x A ^ A can be made symmetric by iden- 
tifying Ax A with the subvariety {(P, Q, R)\P,Q, R G A, P + Q + R = 0} and 
replacing <r by its composite with [—1a]- 

For example, if g — 2, then m = 3. Then A is embedded in P 125 via a 60 
system, so is the intersection of 90 hyperplanes and 29.18 = 522 quadrics. 

To elaborate slightly, suppose that T is the homogeneous co-ordinate ring 
of P 39-1 , that S = T/J is the homogeneous co-ordinate ring of X with respect to 
30 and that Ip, Iq are the homogeneous prime ideals in S of Op, Oq. There is a 
linear form /, unique up to scalars, defining the linear span (@p,@q); we need 
to compute the vector space Wp of linear forms h that contain the divisor Op 
defined by P + Q + Op = X n (/ = 0) (that is, R=-P - Q). 

Assume for the moment that P 7^ Q. Then the primary decomposition of 
the ideal (/) of S is (/) = Ip D Iq fl Ip, so the condition on the linear forms 
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h is that h.p should lie in (/) for every p G Ip fl Iq. Grobner basis techniques 
[BW] now permit a translation of this into a polynomial formula for the Pliicker 
co-ordinates of Wr in terms of the Pliicker co-ordinates of Wp and Wq. 

This is of limited use without the ability to compute the vector spaces Wp 
and Wq. For Jacobians, we can use the determinantal formula to make these 
computations. 

Assume, for simplicity, that C is non-hyperelliptic. Suppose that X = 
Jac^T 1 and its theta divisor, as before. We know that a*Q is linearly equivalent 
to 2 J2iP r i^c — J2i<j Put A = J2i<j and regard it as a closed subscheme 
of (ps-i)3ff-3 via the embeddings A ^ C 39 ' 3 ^ (ps-i)3g-3_ Take the su b sc heme 
Z N = NA of C 39 ' 3 , so that the ideal sheaf 2 Zn of Z N in (pa- 1 ) 3 *" 3 is 1 Zn = 

I A + X(73 9 -3 . 

Assume that either p = or p > 3g — 3, so that (3g — 3)! is invertible in 
k and the symmetric group & = ©3 9 -3 is linearly reductive. Let us say that 
a form in 3g — 3 variables is semi-invariant of order N if it transforms as the 
iVth power of the signature of &. We shall write V e,N for the space of order iV 
semi-invariants in V. 

Proposition 5.3 (1) H°(X,Ox(NQ)) is naturally isomorphic to the vector 
space H°(C 39 - 3 , 0(2NJ2pr*K c - Nj^ \j)) & ' N of order N semi-invariants. 
(2) There is a natural inclusion from 

(H°{{F 9 - 1 ) 39 ~ 3 ,I Zn .O{2N, 2N))/H°{{F 9 - 1 ) 39 - 3 ,I c3s - i .O{2N, 2N))) & ' N 

to H°(X, Ox (NO)). This is an isomorphism if either p = or p > (3g — 3)!. 
PROOF: Noether's theorem on canonical curves is that the natural map 

H°(F 9 -\ 0{r)) -> H°{C, 0{rK c )) 

is surjective for all r > 1. Then the same holds for 

3g-3 

^((P 9 - 1 ) 3 *- 3 ), 0(r, . . . , r)) -> H\C 39 - 3 , 0{r ^ pr*K c )). 

i=i 

Taking semi-invariants preserves surjectivity if &3 9 -3 is linearly reductive. 

The proposition now follows from the determinantal formula 14.21 for the 
pull-back of the theta divisor under the addition map a : C 3g ~ 3 — > Jac^T , except 
for the statement about the order of the semi-invariants. For this, it is enough to 
take N — 1 and note the skew-symmetry of the determinant det(<7j(Pj)), where 
{en} is a basis of H°(C, 0{2K C )). □ 

So, given the defining equations for C, we can take N = 3 and then have 
an explicit description of H°(X, Ox (30)). In terms of an arbitrary basis of this, 
we can then write down the morphism : X — > P 39_1 defined by |3G|. That is, 
we can compute 4>(P) for any point P G C 3g ~ 3 not in A. Since X in P 39_1 is 
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the intersection of a known number of cubics, we can compute 4>(P) for many 
points P and then find the cubic equations that define X by interpolation. Then, 
given P E A = Jac^ and x E C 3g ~ 3 that represents a point of 0, it is possible to 
use the projective geometry of C to compute representatives of P + x in C 3g ~ 3 . 
Then we can compute </>(P + x) for many points x E O, and so compute the 
vector space of hyperplanes through 0(6p). After that, the results above for an 
arbitrary principally polarized abelian variety can be applied. 

In particular, we can write down polynomial equations that determine 
whether a given point P on A is iV-torsion, in terms of the Pliicker co-ordinates 
of the space Wp. We regard this as a construction of the TV-torsion divisor classes 
on C. 

Similarly, 14.41 can be restated to give an explicit description of the spaces 
H°(A, £® r ) of theta functions of order 2r on A = Jac° c . Recall that £ = £ A (A) 
is the natural totally symmetric line bundle on A that lies in the 29 class. 

Proposition 5.4 Put & = &2g-2 and let r > 1 be an integer. 

(1 ) There is a natural isomorphism 

H°(A } C® r ) -> H (C 29 ~ 2 , 0(3rJ2p r * K c ~ 2r ^ A^)) 6 . 

(2) There is a natural inclusion from 

(H°((F^- 2 , l Z2r .O(3r, . . . , 3r)) e /P ((P^ 1 ) 2 ^ 2 ,X c29 - 2 .O(3r, . . . , 3r))) s 

to H°(A, £® r ). This is an isomorphism if either p = or p > (2g — 2)!. 

PROOF: The only thing to be checked is that H°(A, £® r ) consists of invariants 
rather than semi-invariants. For this, take a theta characteristic M and con- 
sider the determinant det(cx 4 M (%)) of 14.3 1[ It is semi-invariant, so its square is 
invariant and is a section of a*C. □ 

Remark: This description of vector spaces of theta functions on Jacobians (ei- 
ther Jac 9-1 or Jac°) relies upon already having constructed the Jacobian; for 
example, without that, it would not be clear that the various linear systems on 
(7(39-3) or (j(2g-2) no unassigned base points. That is, it does not lead to 
another elementary projective construction of the Jacobian such as that given by 
Anderson |An| . 



6 Computing the iV-torsion 

As already mentioned, the chord and tangent construction of the group law on 
A = Jac^ described above specializes to a description of the multiplication by 
N map [Na], and therefore the kernel A[iV]. However, a more direct calculation 
of [Na] and the inversion [—1a] is also possible. The idea is to use the explicit 
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descriptions of spaces of theta functions given by 15.31 and 15.41 and then derive the 
equations of A and X and formulae for [Na] by interpolation. 

Interpolation is the process that, given a projective fc-variety V and a mor- 
phism : V — > P™ such that, first, <f>(x) can be calculated for all fields K 
containing k and for all K-points x of V and, second, for every integer d > 1 
the dimension of the k- vector space H (F n ,2^ V )(d)) of degree d hypersurfaces 
that contain the image </>(V) is known, produces a fc-basis of that space. So, if 
also the ideal 2^(v) is known to be generated by quadrics, then interpolation pro- 
duces, in a finite calculation, the equations that define 4>(V). The most efficient 
way of describing it is to take x to be defined over some finite extension of the 
function field of V (for example, the generic point of V) and then find the degree 
d hypersurfaces defined over k that contain <p(x). 

Put C = C^, the natural 29 line bundle on A that is determined by the 
principal polarization A. Put 4? — 1 = r; then, according to 15.41 there is a basis 
zo, ...,z r of H°(A, C® 2 ) whose pull back to C 2g ~ 2 can be computed explicitly. Fix 
N > 2 and generic points rji, r\2 g -i on C. Take x = (rji, 772^-2)? a generic 
point of C 2g ~ 2 . Put L = k{C 2 3- 2 ). 

Let ip : C 2g ~ 2 — > A — > P r be the composite of the abelian sum a and the 
embedding A -> P r defined by H°(A, C® 2 ). 

(1) Since in this embedding A is known to be an intersection of quadrics and we 
know that the quadrics in P r cut out a complete linear system on A, it follows that 
dim H° (W,1a (2)) = ( r ^ 2 ) — 8 9 . Hence we can interpolate the quadrics through 
the point p = ip(x) to write down (a /c-basis of the vector space of) the quadrics 
through A. 

(2) It is known that H°{F r ,1 A {N 2 )) is generated by H°{F r , Z A (2)). So we can 
write down a fc-basis of H°(F r ,Za(N 2 )) and then a /c-basis w , w s of a com- 
plement V to #°(P r , 1 A (N 2 )) inside H°(W\ 0(N 2 )). Of course, s = (AN 2 ) 9 - 1 
and V represents H°(A, C mN2 ). 

(3) Compute a point y G C 2g ~ 2 defined over a finite extension L' of L such that 
y + (N — l)Kc is linearly equivalent to Nx as divisors on L', so that if 
p = a(x) and q = ce(y), then q = Np in A. 

(4) Since [N A ]*£ is isomorphic to £® iv2 \ the map [Na] ■ A — > A is defined by 
formulae Zj(Np) = fj(zo(p),...,z r (p)), where the fj are linear combinations of 
wo, ...,w s with undetermined coefficients. 

(5) Then Zj(q) = fj(z (p), z r (p)) for every j. Since we can calculate Zj(p) and 
Zj(q), we can determine the fj as a linear combination of wq, ...,w s . That is, we 
now have formulae for the map [Na]- 

(6) Take a /c-point x E C 2g ~ 2 that is linearly equivalent to K c and compute its 
image in A: this is the origin CU- By combining the quadratic equations for A 
with the equation Np = CU, we have equations for the iV-torsion group A [AT]. 

The 2-torsion can also be computed as the fixed locus in A (or X) under 
[—1a]; this is a little quicker. 
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Given X{ G C 2g ~ 2 , compute G C 2g ~ 2 with yi linearly equivalent to 2K C — 
X{. Then compute the images in P r of the points Xj and y^; they span a line that 
is preserved under the involution [—1a] of P r . After sufficiently many of these 
lines have been computed, we can determine [—1a] as a linear transformation of 
P r , and so determine the two linear subspaces whose union is the fixed locus in 
P r . This gives equations for the inverse image in C 2g ~ 2 of A [2]. 

It is also worth remembering that, when g = 3 and g = 4, Coble showed 
[C] how to write down non-hyperelliptic curves together with the 2-torsion on 
their Jacobians (or, equivalently, their odd theta-characteristics), provided that 
when g = 4 the curve has a vanishing even theta-null; this happens exactly for 
non-hyperelliptic genus 4 curves whose canonical model lies on a quadric cone. 
The curves are constructed as the ramification divisor of a double cover S — > P 2 , 
where S is a del Pezzo surface of degree 2 or 1 accordingly. This should be 
compared to Weber's determination of the bitangents of a plane quartic as used 
by Ritzenthaler [Rj. 

Coble's results are as follows. Recall that a set Z of r points in P 2 is in 
general position if they are distinct, no 3 are collinear, no 6 on a conic and no 8 
on a cubic that is singular at one of the 8. Suppose that r < 8; then blowing up 
P 2 at Z gives a del Pezzo surface S of degree 9 — r. The complete anti-canonical 
system |— K$\ is the system \3H — Z\ of cubics in P 2 through Z. 

Suppose that r = 7. Then |— Kg\ defines a finite double cover n : S — > P 2 
whose branch locus B C P 2 is a smooth quartic, and every smooth quartic arises 
in this way. The 28 bitangents are the images of the 56 exceptional curves of the 
first kind ("lines") on S. 

Regard tt as the rational map 7r : P 2 > P 2 defined by the linear system 

L = \3H — Z\. Then we get a birational model of a genus 3 curve C in the source 
P 2 as the ramification curve (that is, the locus where the gradient vectors of the 
cubics in L span a space of rank 1); C is birational to a member C of \6H — 2Z\. 
The 7 exceptional curves in S over the points in Z and the 21 lines Ljk in P 2 
spanned by pairs of points in Z represent the bitangents, so we get the 28 odd 
theta-characteristics Pj + Qi as follows: if i — 1, 7, then P 4 + Qi is represented 
by a node on C, and otherwise Pjk + Qjk is the residual intersection of Ljk with 
C (|C], pp. 158-9). If Fi,F 2 ,F 3 span \3H — Z\ and Xi,X 2 ,X 3 are homogeneous 
co-ordinates on P 2 , then the equation of C is det(dFi/dXj) = 0. 

If r = 8, then |— 2Ks\ defines a finite double cover n : S — » Q, where Q is a 
quadric cone in P 3 . In this case the branch locus is a smooth genus 4 curve C C Q, 
the intersection of Q with a cubic surface, together with the vertex of Q. Every 
non-hyperelliptic curve of genus 4 with a vanishing even theta-null arises in this 

way. Again, regard 7r as the rational map n : P 2 >QcP 3 defined by the linear 

system L = \3H — Z\. This time, C is birational to a member C of \9H — 3Z\ in 
the source P 2 . If F\, F 2 span \3H — Z\ and F 2 , F 2 , F% span \6H — 2Z\, then again 
the equation of C is det(dFi/dXj) = 0. The 120 odd theta-characteristics arise 
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as follows. There are 8, 28, 56, 28 that correspond, respectively, to the points of 
Z (the triple points of C), the lines spanned by pairs of points in Z, the conies 
through 5-tuples in Z and one half of the 56 cubics through 6-tuples in Z and 
singular at one more point in Z. This half should be chosen to give a complete 
set of representatives under the Bertini involution i of S, which is the Cremona 
transformation of P 2 defined by the linear system \17H — 6Z\ ([C]. p. 209). 



7 Explicit Weil functions on Jac^ 

Suppose that X = Jacf-T 1 and iV is prime to p; then, given an iV-torsion point P 
on A, which we regard as an invertible sheaf of order N on C, we can construct 
Weil functions when X = Jac^ -1 , or their pull-backs to C 3g ~ 3 , as follows. 

Start by constructing a basis {erf} of H (C,O(2Kc) ® P) for every P G 
A[iV], where each such point is regarded as a line bundle on C. 

Proposition 7.1 The rational function fp on C 3a ~ 3 defined by 

f P (z)=det(a[(z j )) N /det(a i (z j )f 

is the pull-back of a rational function on X which is a Weil function there for the 
point P in A[N}. 

PROOF: Since the given right-hand expression is 6 39 _ 3 -invariant, and the addi- 
tion morphism a : C^ 3g ^ 3 ^ — » Jac 39 ~ 3 C satisfies 

H°(C (39 - 3 \a*M) = #°(Jac 39 ~ 3 C,M) 

for all line bundles Ai on Jac 39-3 C, the result follows from the previous discus- 
sion. □ 

Remark: We could use 0{nKc) for any n > 2, as do Matone and Volpato. For 
most of our purposes, replacing determinants of order 3g — 3 by ones of order 
{2n — l)(g — 1) doesn't seem to help, although in section [9] we do consider such 
higher-order forms. 



8 Comparison with theta functions 

It is easy to translate this into the complex analytic language of theta functions 
with characteristics. 

So suppose that (X, 6) and (A, A) are as usual, but over C. Then the 
groups Hi(X,Z) and Hi(A,Z,) are identified, with their symplectic pairings, and 
the vector spaces H°(X, fl^) and H°(A,fl A ) are also identified. 
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A choice of symplectic basis of Hi(X, Z), from which a normalized basis of 
H°(Cc, fi 1 ) and period matrix r G S) g , Siegel's upper half-space, are constructed, 
leads to identifications H°(A,Q,\) = C 9 and A = A T = C 9 /A T , where A T = 
rTL 9 We then identify H\X,Z/N), H°(A T ,Z/N) and A T [N] with ^A/A; 

the cup product on Z/iV), the symplectic form on if 1 (y4 T , Z/iV) given by 

the polarization on A r and the Weil pairing on A,. [AT] are then identified with 



[J,N 



given by (P, Q) = d(P, Q)/d(Q, P), where d(ra + b, re + f) = exp(2niN *eb) and 
C = exp(2ni/N). 

The chosen symplectic basis of Hi(X,Z) determines a level 2 structure on 
(A,X), or on (X, 9). According to 13.191 a level 2 structure determines an even 
theta-characteristic 5 with certain properties. Recall that for any real vectors 
a, b, the theta function with characteristics a, b is defined by 



9 



r) = exp(7ri(2 t (n + a)(z + b) + *(n + a)r(n + a)). 



All vectors are column vectors of size g, l x is the transpose of x and z G P. 
Then Riemann's theorem can be stated as follows. 

Theorem 8.1 The isomorphism X —>■ A determined by 5 takes to the zero 
locus of the theta function 9 [J (z, r). 

Recall that 9[^\ (z, r) is quasi-periodic, with factors of automorphy 



(z+p,r) = exp(2m t ap)9[a,b](z,r), 



[z + rq, r) = exp(— 2ni l bq — ni l qrq — 2ni l qz).9 



Moreover, 



9 



[z, r) = exp(iri t ara + 2ni l a{z + b))9 



(z + tcl + b, r), 



so that (00)0 = t*^(0[g)o. 

More generally, if A" is even, then a level A" structure on A determines 5. 
So suppose A^ even and fix, in fact, a level (N, 2N) structure on A. 

Define gr[£] = 0[&]/0[ o ]- Assume that a, b G (-^Z) 9 ; then ra + b represents 

an A^-torsion point on A = A T = C 9 /(Z 9 + rZ 9 ), and fi 1 ^]^ is a meromorphic 

function on A T with divisor (g[^\ N ) = Ne_ Ta _ b - NB . Moreover, 9[l^]/9[l\ 

is an A^th root of unity if A, B G Z s , so that 9[f\ depends only on the classes 
of a, b in {±Z) 9 /Z 9 . 
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Lemma 8.2 The set {g[_l\ N } T a+beA[N] is a normal Weil set. 
PROOF: Define = Then 







/ 



a + e 
.6 + /. 



exp(— 2m t eb). 



Taking Nth powers gives the result, when d is as defined earlier in this section. 



On the other hand, construct for every P a Weil function fp by our deter- 
minantal formula above. Then construct the iVth, or 2iVth, powers (fp)peA[N], 
or (fp N )p£A{N], of a normal Weil set according to 13.71 

Theorem 8.3 (1) There is a normal Weil set (fp)peA[N] sucn that 



fp = 
■ (wi, 





—a 


(z,t)/9 


"0" 


(• 




_-b_ 





• * 5 


w 3g- 


-3) e C*9- 


-3 



N 



with ^2 Wi linearly equivalent to 



J acj^< 



into 



(2) Choose w 
K c + 6. Then f P (w) = (Oft] (0, r)/6^ (0, r)) J 
Remark: Let us recapitulate the situation. 

(1) Starting with a curve C of genus g > 2, embed X 
using the polynomials from 15.31 

(2) Given an integer N prime to charfc, compute the iV-torsion points on 
A = Jac^.. For example, use the chord and tangent process described in Section 
[5] or Sectioncomputing torsion. 

(3) For every iV-torsion divisor class Dp on C, compute a basis {erf} of 
H (C,Oc(2K c + Dp)). 

(4) Define the Weil function f P = det(of (zj)) N / det{a°( Zj )) N . Via the 
abelian sum a : C 39 ~ 3 — > X, this is a rational function on both X and C 3g ~ 3 . 

(5) Compute the Weil pairing from 13.31 

(6) Choose an asymmetric bilinear pairing d^ on A[N] whose skew-symmetrization| 

is 6 TV • 

(7) Compute the normalized Weil functions (fp)peA[N]] their 2iVth powers 
are given by 13.71 (and their iVth powers if N is odd), and then finding fp is a 
matter of a finite search. 

(8) The functions (fp)peA[N] define a morphism X — ► P N 9 ~ l ; the image 
of the subscheme Fixx is the moduli point of (the Jacobian of) C with level 
structure (level N if N is odd, level (N, 2N) if N is even). 

(9) Suppose that k — C and that N is even. A symplectic basis of Hi(C, Z) 
determines a period matrix r and a level (N, 2N) structure, and then a level 2 
structure, which then determines an isomorphism X — >• A, by 13.191 Our analogue 
of Thomae's formula is 



f P {w h ...,w 3g - 3 ) 



2N 



—a 
-b 



{z,t)/9 



2N^ 
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when the points (w±, ...,w 3g _ 3 ) ofC 3g ~ 3 and z in the universal cover C 9 of A have 
the same image in A, and P = ra + b. 

Recall also that #[!?] (0,r), 0[~2l\ (0, r) 2 and (0,r) 4 are modular forms 
on T 9 (4,8), r s (2,4) and T s (2), of weights 1/2, 1 and 2. 

The disadvantage of this result is that it is not clear how to write down a 
symplectic isomorphism 0. However, the natural way of avoiding this is to take in- 
variants. If N is even then the natural finite group acting is G = Sp2 g (Z)/T(N, 27V) ,| 
which is an extension of Sp2 g {Z/N) by (Z/2) 2fl , and the stack quotient [^4 Sl (jv,2iV)/G]| 
is just A g ; we can pass to geometric quotients to make things concrete. 



9 Spinorial square roots of theta-nulls on A4 g 

Suppose for the moment that the base field is C. If [£] is a half-integer character- 
istic, then the theta-null = (0, r) is a modular form of weight \ and level 
(4,8). These divisors are conjugate under the Galois group Sp2 g (Z)/T g (4:, 8), so 
they define a reduced and irreducible divisor 9 on A g (because, for example, the 
second £-adic Betti number of A g is 1 and there are no modular forms of weight 
less than |). When A g is identified with the stack of principal symmetric abelian 
torsors (X, 6), then 9 is the locus where there is a point of Fixx that lies on 
with positive even multiplicity. This locus is a divisor on A g over Spec Z [1/2]. 

This section considers the local geometry of 9 . Unsurprisingly, this reflects 
the geometry of the theta divisor O r at the origin T of the ppav A T corresponding 
to a point r of #o; m fact, the heat equation shows, at once, that if the theta 
divisor 6 T on A T is of multiplicity 2n at the origin T of A T , then is of 
multiplicity exactly n at r. The determinantal formulae for theta functions on 
Jacobians give something more detailed, on Ai g , however. To describe this needs 
a well known elementary construction from representation theory, which we now 
recall. Suppose now that the base field is of characteristic p ^ 2. 

Suppose that V is a 2n-dimensional vector space with a non-degenerate 
symmetric bilinear form and associated quadratic form q. Fix a maximal 
isotropic subspace V of V. Then the set of maximal isotropic subspaces U 
of V such that dim(C/ fl Vo) is even is a spinor variety S = Spin n /P; in par- 
ticular, it is irreducible. Forgetting the quadratic form gives an embedding 
i : S G = Grass(n, 2n) such that the relationship between the tautologi- 
cal line bundles on them is i*Oo(l) — Os(2). We can regard S as the variety 
of pure spinors in P(W), where W is a 2 n_1 -dimensional spin representation of 
Spin n ; then H°(S, Os(l)) is the dual representation W y . Moreover, the subspace 
Vo defines hyperplane sections H' and H of S and G, which are closures of Schu- 
bert cells. Geometrically, H is the locus of n-dimensional subspaces of V that 
meet Vo non-trivially and H' is the locus of isotropic n-dimensional subspaces 
of V that meet V non-trivially, so in a vector space of dimension at least two. 
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That is, H is defined by the vanishing of one Plucker co-ordinate s, say, annxn 
determinant that, given an n-dimensional subspace W of V, defines the degener- 
acy locus of the composite map W — > V/Vq, while H' is defined by the vanishing 
of an element v G W y , which is a pure spinor, such that v = yi*s. In other 
words, H has contact with S along H', or H.S = 2H', where this is an equality 
of divisors, not just a linear equivalence. 

The first part of the next result, the existence of a square root of a theta 
null on M g , is due to Tsuyumine (PU, Theorem 1). That this square root is 
spinorial is the second part. 

Theorem 9.1 (1) The restriction of Qq to Ai g is a divisor E of multiplicity 2. 
That is, 9 has contact along M. g . 

(2) The square root E of D appearing in (1) is locally modelled by the 
embedding i : S G described above, with n = 3g — 3. That is, locally on A4 g 
there is a morphism ir : M. g — > S with E = ir*H' and D = n*i*H. 

PROOF: We start by giving a short proof of a crude version of (1), namely, that 
E has multiplicity at least 2 everywhere. 

By the Riemann-Kempf singularity theorem, if C is a curve whose moduli 
point lies on 9[0, 0], then C has an effective even theta-characteristic D. That is, 
2D ~ K c , h°(C, O c {D)) is even and at least 2. Pick a point x = £ Pj E C 39 ~ 3 
that is not on A and is linearly equivalent to Kc+D; such an x exists because the 
linear system \Kc+D\ has no base points. Choose a basis {<7j} of H°(C, 0(2Kc))- 
Since h (C,O(2K c - x)) = h (C,O{D)), by Serre duality, it follows that the 
corank of the matrix (^(P,)) is h°(C, O(D)), which is even. Since H°(C, 0{2K C )) 
is naturally isomorphic to the cotangent space of M. g at the point [C], what we 
have is a morphism from the germ (A4 g , [C]) of M. g at [C] to the space of 
(3g — 3) x (3g — 3) matrices such that 0([C]) lies in the locus of matrices whose 
corank is at least h (C,O(D)). That is, <p maps (Ai g , [C]) to the singular locus 
of the hypersurface det = 0. 

To prove the full version we elaborate the ideas of |MuTh| so as to cover all 
line bundles of degree g — 1, not only theta characteristics, and to let the curve 
vary. 

Start with a curve C of genus g over an algebraically closed field k. Allow 
charfc to be arbitrary. Fix an integer m > 2. 

Suppose that E, F are line bundles on C of degree g — 1, with a perfect 
bilinear pairing $:£xF-> ujq. Of course, $ is an isomorphism on the tensor 
product and F = uc®E y . Suppose that a, b are effective divisors on C of degree 
(2m — l)(g — 1); then $ extends to a perfect bilinear pairing $ : E(a) <8> Fib) — > 
uj(a + b). 

Define : H°(C,E(a)/E(-b)) x H°(C,F(b)/F(-a)) -> k by 

Pi£a+b 
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where e^, fa are liftings of e, / to local sections of E(a), F(b) and the sum is taken 
with multiplicities. 

Lemma 9.2 is a well defined perfect bilinear pairing. 

PROOF: I omit the proof that is well defined and bilinear. 

Suppose that e G H°(C,E(a)/E(—b)) and is non-zero at the point Pi 
in the support of a. Then pick / to lie in the subspace H°(C, Fj F(—a) of 
H°(C,F(b)/F(—a)), non-zero at P i: zero elsewhere. Then Resp^ $(ej, fa) ^ 
while the other residues vanish. So 0(e, /) 7^ 0. So is non-degenerate on the 
left; non-degeneracy on the right is proved similarly. □ 

Now suppose that a, b are chosen so that E(a) is isomorphic to F(b), which 
is in turn isomorphic to E y ® oj{b). Choose such isomorphisms and use them to 
identify these sheaves. Twisting by 0c(~ a ~ b) then induces an identification 
H°(C,E(a)/E(-b)) = H°(C,F(b)/F(-a)) = V, say. 

Lemma 9.3 With this identihcation, is symmetric. 

Abbreviate (2m — l)(g — 1) to n. Then dimV = 2n and the cohomology of 
the exact sequences 

-> E(-b) -> E(a) -> E(a)/E(-b) -> 0, 



-> E/E(-b) -> E(a)/E(-b) -> £?(a)/E -> 

exhibits H°(C, E(a)) and H°(C, E/E(—b)) as n-dimensional subspaces of the 
quadratic space (V,0). 

Lemma 9.4 H°(C, E(a)) is totally isotropic. 

PROOF: Suppose that e, / G f/"°(C, £?(a)). Then in the definition of 0(e, /) we 
can take ej = e and /j = /, so that 0(e, /) = ^Resp ; $(e, /). This vanishes, by 
the residue theorem, since $(e, /) is a global rational 1-form on C . □ 

So induces an exact sequence 

-> if (C7, S(a)) -> F -> i/ (C, E(a)) v -> 0. (*) 
The two exact sequences preceding 19.41 fit into an exact commutative diagram of 
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sheaves on C, as follows: 



^E(-b) 



E(-b) 



E ■ 



E/E(-b) 



E{a) 



E{a)/E{-b) -0 



E(a)/E- 



E(a)/E 





The cohomology of this and the duality isomorphism 

H\C, E{-b)) = H°(C, E y <g> u(b)) y = H°(C, F(b)) v = H°(C, E(a)f 
give a commutative exact diagram 





0- 



H°(C,E) 



- H°(C, E/E{-b)) H°{C, E(a)y 



H°(C,E(a)) 



V 



H°(C,E(a)y 



H°(C, E(a)/E)) H°(C, E(a)/E)) 





The middle row of this diagram is identical to the exact sequence (*) above. 

Denote the subspaces H°(C, E(a)) and H°(C, E/E(-b)) of V by V and V 1 
respectively, and put H°(C,E(a)/E) = V2, so that V2 is identified with V/V\. 

Lemma 9.5 In this diagram, H°(C, E) = H°(C, E(a))f]H°(C, E/E(-b)) inside 
V. That is, ker£ = H°(C,E). 

PROOF: Certainly, H°(C,E) C H°(C,E(a)) fl H°(C, E/E(—b)). Conversely, 
suppose x E H°(C,E(a)) n H°(C, E/E(-b)). Then v{x) = 0, so fi(x) = 0, so 
x E H°(C, E(a)) fl H°(C, E/E(—b)). □ 
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Next, suppose that E e J = Jac^T 1 and a e C( n ) are allowed to vary, but 
subject to the constraint that E(a) = u)® m . 

Take F, b as before; this determines F up to isomorphism and b up to 
linear equivalence. In particular, b ~ (m — l)i^c + -E 1 - These constraints de- 
fine subvarieties Z of J x x C(") and Z"i, Z 2 of J x C^; that is, Z = 



{(E,a,b)\E(a 



~ , ,<g>m 



(m - l)tf c + E}, Z 1 = {(E, b)\E(-b) 



CO 



Z 2 = {(E,a)\E(a) = u)® m }. These fit into a commutative square 



1— m 
C 



} and 



<5=pria 
Z »" Z/2 



P=pr 13 




e=pri 



7=pri 



where /3, 7, 5, e are, by Abel's theorem, P n_s -bundles and a : Z — > J : (E 1 , a, 6) 1— > 
is a P n ^ 9 x P n_9 -bundle. In fact, this square is, obviously, Cartesian. Moreover, 
there is a universal line bundle E over Z x C and universal cycles a,b C Z x C . 

Let pr^ : Z x C — > Z be the projection and put V = pr z *E(a)/ E(—b), 
Vo = prz*E(a), Vi = prz*E/ E(—b) and V 2 = prz*E(a)/E; these are locally free 
sheaves of ranks 2n, n, n and n respectively, and Vo = H°(C, oj® m ) ® Oz- Exactly 
as before, V has a non-degenerate symmetric bilinear pairing : V x V — > 
and Vo is identified with a maximal isotropic sub-bundle of V. In particular, 
induces an exact sequence 



0^ Vo 



V 



v v 







and there is another exact sequence 



-> Vi -> V -> V 2 



0. 



Proposition 9.6 (1 ) The triple (V, 0, Vo) puiis back via a from a tripie (W, ip, Uq) 
on J, where ip is a non-degenerate symmetric bilinear form on U and Uq is a max- 
imal isotropic sub-bundle. 

(2) — > Vi — > V — > V2 — > puiis back from an exact sequence — > Wi — > 
W — > W 2 — > of sheaves on J. 

PROOF: Define W = #°(C, w® m ) <8> Cj. Then V is a class in Ext^(a*W , a*W v ). 
Since a is a ¥ n ~ 9 x P n " 9 -bundle, it follows that R^Oz = 0, and so 

Ext^(a*W ,a*W v ) = Ext^(W , W V ). 

So V = a*W for some U G Ext* (W , W V ). 

The existence of the quadratic form tp follows similarly: Hom^(Sym 2 V, Oz) =| 
Hom J (Sym 2 W,0 J ). 

The proof of (2) is also similar in outline. Since the morphisms a, ... ,e in 
the Cartesian square above are proper and flat, there is, by the flat base change 
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theorem for coherent cohomology, an equivalence 7*i? 9 e* = R q (5 if 8* of functors on 
the category of coherent sheaves T on Z that are flat over J. 

By construction, there are locally free sheaves Q\ and Q 2 on Z\, Z 2 respec- 
tively such that Vi = (3*Gi and V 2 = S*g 2 . So -> Vi -> V -> V 2 -> equals 
-> -> ct*W -> 5*£ 2 -> 0. Define Wi = &5*<? 2 ; then the vanishing of 

B}f3*0 gives an exact sequence — ► £1 — > 7*W — > Wi — > on Z l5 and it follows 
at once that Wi is locally free and (3*W\ = S*Q 2 . The same argument applied to 
the dual sequence gives a locally free sheaf W 2 on Z 2 with 5*W 2 = (3*Q\. 

The equivalence of functors above shows that 

7*F?e,g 2 = R q (3J*Q 2 = R q P*(3*Wi = W x ® R q f3*O z , 

which vanishes when q > 1 and equals Wi when g = 0. By faithful flatness, this 
gives R q eJ5 2 = for q > 1. 

Similarly, iff^Wi = for g > 1 and e*7*Wi = £ 2 . 

So take U\ = 7*Wi and W 2 = e*W 2 . That these sheaves have the properties 
we seek is now immediate by the argument used before involving Ext 1 . □ 

By abuse of notation, we also let £ denote the composite homomorphism 
U\ — > U — > of locally free sheaves on J. 

In crude terms, we have shown that the quadratic vector space (V, 0), its 
maximal isotropic subspace Vo, its subspace V\ and its quotient space V 2 = V/V\ 
depend upon E but are independent of a and b when E, a and b are permitted 
to vary subject to our constraint. In particular, the composite homomorphism 
£ : Vi -> V/Vb = V V depends only on £. 

The conclusion to be drawn is that, if 9 j C J is the theta divisor, then 0j is 
exactly the locus where £ is degenerate. Since the target of £ is H°(C, Oc{mKc) ) y ^ 
this coincides with the previous determinantal description of G after pulling back 
to C n under the abelian sum. 

Lemma 9.7 Suppose that E is a theta-characteristic. Then V\ is also an 
isotropic subspace ofV. 

PROOF: This is [MuThj . p. 184, first paragraph. □ 

Now relativize this construction; that is, let the curve C, the line bundle 
E of degree g — 1 and the effective cycles a, b of degree n all vary, subject to the 
same constraints that E(d) = uj®" 1 and O c {b) =E® u)® {m ~ 1] . 

So suppose that / : C — > S is a family of genus g curves; this leads to 
morphisms f3 : J — Jac^ s — > S and — > S. There is a closed subscheme Z of 
Jx s C^ x s C^ whose points consist of triples (E,a,b) as above The projection 

7T : Z -> S factors as Z A J A S, where a is a P n " 5 x P n "9-bundle. 

The quadratic vector space (V, 4>) is replaced by a quadratic vector bun- 
dle (V, 4>) over Z, and the maximal isotropic subspace Vo by a sub-bundle Vo 
which is isomorphic to vr*jF m , where T m = f*u®Jg- So V appears as a class in 

Ext^TT^TT*^). 
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Proposition 9.8 (1) The triple (V, 4>, Vo) is the pullback under a : Z — > J of 
some triple (U, ip, U = P*J- m ) on J whereti dehnes a class [U] in Ext fi*Tm) .| 

(2) The exact sequence — > Vi — > V — > V2 — > is tie pullback under a of 
an exact sequence — ► Wi — ► W — ► W2 — > 022 J. 

(3J Tie degeiieracy divisor of the composite homomorphism £ : Wi — > 
is the theta divisor 6 on J. 

PROOF: Exactly as EE □ 

This can be rephrased as a theorem about M. g over Z. 

Let / : C — > Ai g be the universal curve, T m = f*u®™ M , (3 : J — Jac^T 1 — > 
M. g its degree g — 1 Jacobian and 9 = 6j C J the theta divisor. We have taken 
m > 2 and put n = (2m — l)(g — 1). 

Theorem 9.9 (J ) There is a rank 2n vector bundleU on J with a non-degenerate 
symmetric bilinear form and a maximal isotropic sub-bundle IA$ isomorphic to 

(2) There is a rank n sub-bundle IA\ oflA such that the degeneracy locus of 
the composite homomorphism £ : U\ — > Uq is 6. 

Now exclude characteristic 2. That is, work over Z[~]. We shall work at 
level (2,4). 

Take the universal principal symmetric torsor (X, 0) — ► Agfai) over the 
stack .A ff) r2,4) of ppav's with level (2, 4) structure and automorphism group scheme 
U = Aut° x — > ^4 S) (2,4)- As before, the induced level 2 structure determines an even 
theta characteristic S, so an isomorphism U — > X taking the zero-section 0^ of 
Z7 — > ^4 ff ,(2,4) to the section £ of X — > A g> (2,4\- 

According to what was recalled in section the level (2,4) structure deter- 
mines the normalized Weil functions (fp)peu[2]- Over C, these can be expressed 
as ratios of squares of theta functions 9[a, b](z, r) with half-integer characteristics. 

The functions fp define the morphism U — > P 229-1 recalled in section [2l 
In particular, they give the canonical reference hyperplanes in P 229-1 , and, by 
construction, each of these hyperplanes cuts U with multiplicity 2. Evaluating 
these functions at £ is the morphism ix : .4 9 ,(2,4) — > P 229-1 ; again, each of the 
canonical hyperplanes cuts .4 S ,(2,4) along the divisor 26p of multiplicity 2, where 
6p is empty if P is an odd 2-torsion point and J2p odd@P 1S ^ ne pullback to 
-49,(2,4) of the divisor 9 on A g . Of course, over C, this morphism 7r is defined 
by the squares 9[a, 6](0,r) 2 of the theta-constants and there is an equality 6p = 
(9[a, b](0, r))o of divisors on A g j2,4) where P = ra + b. The thetanull 9[a, 6](0, r) 
is a modular form (of weight |) on the group T(4,8), not on T(2,4) (on T(2,4) 
it has a quadratic character), but its square 9[a, 6](0, r) 2 is a modular form on 
T(2,4), without any character. 

Now pull back (X, 6) via the Jacobian morphism j : A4 g> (2,4) —> -4^,(2,4) • 
We get (3 : (J, Oj) — > A4 g j2,4), the degree g — 1 Jacobian of the universal curve 
/ : C — > A4 9t (2,4)- The section £ of X — > A g> (2,4) pulls back to a section r of J — > 
A^ 5) (2,4)- Identify T with -M 9) (2,4). Consider the morphism T — > A gt (2,4) (which 
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is not quite an embedding because of the failure of local Torelli for hyperelliptic 
curves). Then V meets J t in a point corresponding to an even theta-characteristic 
E t on C t , and T meets 9j t if and only if E t is effective. That is, V meets 9q along 
the locus of points t e Y = .M 9i (2,4) where the curve C t has an effective even 
theta-characteristic, 

Write W, W« for the restrictions of the bundles U,Ui of [93] to Mg^)- 

Theorem 9.10 W is a rank In vector bundle on M.g 7 (2M, with a non-degenerate 
symmetric bilinear form ip. There are two maximal isotropic sub-bundles Wo and 
Wi, with Wo — T m , such that the determinant of the induced homomorphism 
£ : Wi — > Wq , which is the zero locus of a theta-null on JA g) (2,i), is the square of 
a pure spinor. 

PROOF: This follows at once from what we have done. In particular, that Wi 
is also isotropic is 19.71 and the existence of the spinorial square root is the piece 
of representation theory at the start. □ 

Theorem 10.1 is a restatement of this. □ 

Remark: (1) The non-degenerate bilinear form <p on the vector space V is exactly 
what is given by the duality theorem applied to the family of complexes C* 
supported in degrees —1, with C~ l = ujf}~ m , C° = uj® m and whose differential 
is parametrized by the variety Z C Jac 9 " 1 xC^ x above. Note that C = 
C' y ® ijj* c , where Uq = Uc[l] is the dualizing complex. Can this picture be 
embedded in a bigger one that leads to some structure involving multiplication, 
or convolution, of the bundles V m on J, and does this in turn lead to any other 
structure on -M g ? 

(2) When g = 3, the Torelli morphism is simply ramified along the hyperel- 
liptic locus 7i 3 , which is a divisor in A4 3l and #[0,0] defines 7i 3 with multiplicity 
2. When g — 2, the theta-constants have no zeroes on A4 2 ; they vanish in A 2 
exactly along the locus of decomposable abelian surfaces. 



10 Formulae for Prym varieties 

We start by considering various stacks of non-abelian bundles on C . 

Denote by GL 2t c,K c the stack of rank 2 vector bundles TC on C with deter- 
minant uic and by GL2 t c,K c ,m, for any integer m > 1, the open substack defined 
by the conditions that ' H°(C, H{-mK c )) = and E 1 {C,U{mK c )) = 0. For 
any such 7i, put Ti! = TC <8> u)c. Then, for all a, b 6 \mKc\, there is an iso- 
morphism Tt(a) — > TL'(b), unique up to scalars, and so, via the determinant, a 
non-degenerate skew-symmetric pairing \1> : TC(a) <8> Tt(a) — > u>c(a + b). Define 
V = H°{C,H{a)/H{-b)); its dimension is 8m(g - 1). 
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Lemma 10.1 There is a non-degenerate skew-symmetric bilinear pairing ip : 
V xV k defined by 



V>( e >/)= Z~l Res Pi ^(eiJi). 



Pi€a+b 

PROOF: Same as in the symmetric case, 19.21 □ 

Suppose that Ti. lies in GL 2t c,K c ,m- Then, just as before, if we define V = 
H°(C,H(a)), V 1 = H°(C,n/n(-b))' and V 2 = H°(C,H{a)/H), then V is a 
maximal totally isotropic subspace and there are short exact sequences 

_ v -> V - Vo V - 0, 

o -> vi -> v -> y 2 -> o. 

Let be the copy of |mifc| in which a moves and jmiCc'b that in 

which b moves. Put X = GL2 ) c,K c ,m x \ m Kc\i x \ m Kc\2, Y = GL 2 ^c,K c ,m X 
|mi^c|i) ^ = GL2 t c,K c ,m, x l^-ft'cb and consider the 2-Cartesian square 

q 

x — - — 

v 



Y *■ GL2,C,K c ,m- 

By construction, the vector spaces V, V , Vi, V 2 and the pairing ip globalize to 
vector bundles V etc. and a pairing ip on X. Moreover, there are vector bundles 
Uq,U 2 on Y such that V = p*U' Q , V 2 = p*W 2 and a vector bundle W[ on Z with 
Vi = <f W(. 

Proposition 10.2 (J J The vector bundles V, V2, the maps between them and 
the pairing ip all pull back from vector bundles U, ...,U 2 , maps and a pairing ip 

On GL 2>C ,Kc,m- 

(2) The theta divisor on GL 2jC ,K c ,rn is the degeneracy locus of the composite 
homomorphism U\ — > Uq 

PROOF: Same as ES 



Remark: In the abelian case, the bundle Vo was, when m > 2, the trivial bundle 
H°(C,u>Q m ). It is not clear whether Vo is trivial here, however. 

Now consider the stack S0 2 ^c,k c of rank 2 vector bundles H on C with 
a non-degenerate symmetric bilinear form $ : TC ® H — > ujc such that det H 
is isomorphic to u>c- (of course, the existence of $ implies that (detH)® 2 = 
uj® 2 .) Define the open substack S0 2y c,K c ,m in the same way as above. Then 
for any a, b G \mK c \ and Ti. G S0 2 ,c,k c -> the vector space V as above has a 
non-degenerate symmetric bilinear form 0. 



v 
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Proposition 10.3 Suppose that r : S0 2 ^c,K c ,m, GL 2)C \K c ,m is the forgetful 
morphism. (1 ) Then t*IA has a non-degenerate symmetric bilinear form with 
respect to which the bundles r*Uo and r*U\ are maximal isotropic. 

(2) The theta divisor Qgl 2 011 GL 2y c,K c ,m pulls back to twice the theta 
divisor Q S o 2 on S0 2 ,c,K c ,m- 

(3) ®so 2 nas a spinorial structure. 

PROOF: As before, especially 19.71 for the fact that r*U\ is isotropic. □ 

Remark: As in the previous section, this construction can be extended to one on 
the stack Ai g . In terms of pairs of reductive groups relative to the stack M. g , this 
comes to the consideration of 1 C G m in the previous section and S0 2 C GL 2 in 
this one. 

Suppose that -n : C — > C is an etale double cover of curves, with g{G) = g 
and g{C) = g, so that g = 2g — 1 and C = C/(i), where i is an involution of C 
with no fixed points. Consider the norm map Nml :=: Jac~~ — > Jac 2 ^ -2 . Then 
f |MuThj . |MuPj ) the fibre Nm _1 (K c ) is the locus in X where i is equal to [-1^] 
(here A = Aut~). It has two connected components, P + and P~, and each is a 
torsor under the Prym variety P = Autp+. As subvarieties of X := Jac- -1 , P + 

is the set of degree g — 1 line bundles C on C such that h°(C) is even, while P 
is the locus where h°(C) is odd. The theta divisor 6 on X contains P~, while 
Q.P + = 2S for a divisor 5 = S on P + such that (P + , H) is a principal symmetric 
abelian torsor. Note that P is identified with the subgroup of A := Jac~ = Aut|~ 
consisting of points x such that t x , the translation by x, preserves P + . 
Note that the norm defines a morphism p : P + — > S0 2) c,k c ,i- 

Theorem 10.4 The divisor H on P + has a spinorial structure. 

PROOF: Pull back the spinorial structure of 110.3 31 under p. □ 

Finally, we describe Prym theta functions in terms of determinants. 

Suppose that M > 1 is an integer. For every point x G P[2M], Mt* x Q.P = 
2M9*E and is linearly equivalent to 2ME. Regard x as a point in A[2M] and 
take a basis {of } of H°(C, 0(2K 5+x )). 

Proposition 10.5 The ratio 

(det((af( % ))/det((^( % ))) M 

restricts to a Weil function on P + for the point x of order 2M. 

Remark: More accurately, there is a Weil function for x on P + whose pull-back 

to the inverse image of P + in C^~ l > is given by this expression. 

PROOF: Exactly as for Weil functions on Jac^f -3 . □ 

Support by GNSAGA at the University of Rome, La Sapienza, and the 
Institut Mittag-Leffler (Djursholm) is gratefully acknowledged. 
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